ABSTRACT This paper addresses the distributed orbit synchronization control of spacecraft formation flying under an undirected connected graph and in the presence of unknown external disturbances and communication time-delay. A nonsingular fast terminal sliding mode (NFTSM) control strategy, which can solve the singularity and slow convergence to the equilibrium problems of terminal sliding mode (TSM) control, is developed for spacecraft formation. Considering only desired signals are needed for the basis functions of Chebyshev neural networks (CNN) implemented, a CNN is employed to approximate the nonlinear function and bounded external disturbances. Based on the NFTSM and CNN approximation, a distributed finite-time synchronization control law is designed and its finite-time convergence property is proven in theory. Moreover, in order to guarantee good performance for the spacecraft formation control with communication delay, a distributed finite-time synchronization control scheme with communication delay is also given and the uniform ultimate boundedness of all signals in the closed-loop control system is proven. Finally, a numerical example is illustrated to demonstrate the effectiveness of the proposed control strategies. 
I. INTRODUCTION
Spacecraft formation flying (SFF) problem is a primary factor that determines the success of the many space mission such as spacecraft on-orbit servicing, deep space imaging and exploration. The concept SFF is to replace the functionality of large spacecraft with a group of less-expensive, smaller, and cooperative spacecraft. Recently, there have been a great number of results reported on the investigation of the spacecraft formation control [1] - [4] . Among these existing results, the relative dynamic model are generally classified as linear and nonlinear type for SFF. Considering the limitations of linear control, there have been various nonlinear control schemes designed for SFF based on the nonlinear model [5] - [8] .
In practical aerospace engineering, various uncertainties and disturbances are inherently present in the spacecraft formation flying, so it is desirable to develop new control approaches to deal with these issues. Since Neural networks (NN) can approximate uncertain information and any continuous functions, the neural networks (NN) has been developed for spacecraft formation control [9] - [11] . In particular, a Chebyshev neural network (CNN) is a single-layer neural network [12] , it is broadly adopted in tracking control due to the intensity of complexity and amount of calculation are less than the multilayered NN.
It is worth pointing out that, sliding mode (SM) control is an effective robust control method for uncertain systems, whose has various attractive features such as distinguished robustness against external disturbances and parameter uncertain, fast response [13] - [16] . In the past decades, sliding mode control strategy has been applied for SFF. It should be pointed out that, although they realize effective control for spacecraft, they cannot maintain the closed-loop system convergence with finite time. In order to cope this
II. PROBLEM FORMULATION A. SPACECRAFT ORBIT DYNAMICS
The nonlinear relative motion dynamic model for SFF can be written as [12]  (2) where
where f i (q i ,q i ,q id ) ∈ R 3 is a nonlinear function defined as
where
The nonlinear function f i (q i ,q i ,q id ) ∈ R 3 converges to the desired nonlinear function f i (q id ,q id ,q id ) when the initial states converges to desired states.
where f i (q id ,q id ,q id ) ≡ f id and
In order to facilitate the subsequent control design, the following assumption is made about desired trajectory q id :
Assumption 1: The desired trajectory q id and their first two-order time derivatives are assumed to be bounded.
B. GRAPH THEORY
The topology of the information flow between individual follower spacecraft is described by a weight undirected graph G = ( , E, A ), where = { 1 , 2 , . . . n } is the set of nodes, E ⊆ × is the set of edges, and A = (a ij ) ∈ R n×n the weighted adjacency matrix of the graph G with nonnegative elements. ( i , j ) ∈ E means that if and only there is an edge between node i and j satisfying (
The weighted adjacency element a ij representing the communication quality between the ith and jth follower spacecraft satisfying ( i , j ) ∈ E ⇔ a ij > 0. Throughout this paper, it is assumed that a ij = a ji ,thus A is a symmetric matrix.
Lemma 1 [2] : Suppose that there exists a continuous differential positive definite function V (t), real numbers α > 0,β > 0 and 0 < r < 1, the function V (t) satisfies the following differential inequalitẏ
Then, V (t) converges to the equilibrium point in finite time t f given by
Lemma 2 [2] : If the matrix R is symmetric and positive definite, and there exist some positive constant r 1 and r 2 such that the matrix R can be bounded by
III. MAIN RESULTS

A. NFTSM BASED CONTROL LAW FOR SPACECRAFT FORMATION
In this subsection, we shall discuss the NFTSM tracking control law design problem for SFF based on CNN. Remark 1: For sake of good capabilities of approximation the nonlinear function and external disturbances, a single-layer CNN technique is employed to approximate the unknown function f i (q i ,q i ,q id ).
By using CNN, the unknown function f i (q i ,q i ,q id ) can be approximated by
error of CNN and W * i optimal weight matrix. Consequently,
we can obtain the output of the CNN aŝ
where W i is the estimation of W * i .Since the external disturbances and the desired states can be treated as bounded, the nonlinear function F i is bounded such that F i ≤ F iM , in which F iM is a positive constant.
Assumption 2: The optimal weight matrix W * i of the CNN is bounded satisfying (11) where W iM is a positive constant. Assumption 3: The approximation error ε i of the CNN is bounded satisfying
where ε iM is a positive constant. In order to achieve spacecraft formation control with high precision and fast convergent rate, a continuous NFTSM based control law for spacecraft formation will be derived, wherein the terminal sliding manifold s i ∈ R 3 is defined as
Now, consider the spacecraft formation flying error system (3) and the NFTSM surface (13), the control law for u i is designed as
where a ij denotes the ith row jth column element of A ,
T ; ψ i ∈ R and ψ i ∈ R are the robust control terms; The switch function µ i (t) is given by
Remark 2: A switching between the robust control ψ i and the adaptive NN can be performed by using function µ i (t).
The adaptive law for W i is given bẏ
where σ i1 and σ i2 are positive constants. Then, the robust controller ψ i in the control law (14) is used to compensate the approximation errors of the CNN, and it is defined as
where s ik is the k − th component of sliding mode s i , ι i is a positive scalar, and k u = 0.2785, κ 1 is a positive constant satisfying κ 1 ≥ ε iM . The robust control strategy ψ ik is defined as
where k u = 0.2785, κ 2 is a positive constant satisfying κ 2 ≥ F iM . It is easy to verity that
Theorem 1: Considering the spacecraft formation control system is described by (3), with the designed control law (14) and adaptive law (16) . If Assumption 1-3 are satisfied and the initial conditions satisfy (20) where 
The derivative of the Lyapunov function V i is defined aṡ
Substituting (14), (16) and (13) into (22) yieldṡ 
Note that
is the minimum eigenvalue of the matrix K i1 , and c 1 =
W Mi . Thus, we can further obtainV < 0 outside the set
Based on a standard Lyapunov theory discussion in [2] , it can be conclude that s and W i are UUB. Theorem 2: Considering the spacecraft formation control system is described by (3), with the designed control law (14) and adaptive law (16) . If Assumption 1-3 are satisfied and the initial conditions satisfy (25) and then the NFTSM manifold s i converges to the region s i in finite time, then the tracking errors e i1k and VOLUME 5, 2017
e i2k (k = 1, 2, 3) converge to the regions e i1 and e i2 in finite time, respectively. Where (27) where −λ min (K i2 ) is the minimum eigenvalue of the matrix K i2 , and i is a positive constant, and
Substituting (14), (16) and (13) into (22) 
where b 2 = λ min (K i2 )(2pb/r 1 q) (ν+1)/2 , then we can obtaiṅ
where b 1 = λ min (K i1 )(2pb/r 1 q). Then, (32) can be rewritten as the following two forms: Case 1: from (33), if b 1 − i /V i > 0, it is not difficult to obtain the closed-loop control system is finite-time stability by using Lemma 1, and therefore s i will reach the region
in finite time. > 0, it is not difficult to obtain the closed-loop control system is finite-time stability using Lemma 1, and therefore s i will reach the region in finite time. Thus, it can be concluded that the sliding mode s i will reach the region
in finite time, which means that s i ≤ si . Then, from (13) we can obtain
Equation (38) From (13), when a − δ ik /e g/h i1k > 0, (39) is still satisfies the presented NFTSM form. Therefore, it is not difficult to see that the position tracking error e i1k will converge to the region
i2k > 0 the inequality (40) is also satisfies the presented NFTSM form. Obviously, the tracking error e i1k will converge to the region
in finite time. (14).
B. NFTSM CONTROL LAW DESIGN OF SPACECRAFT FORMATION FLYING WITH COMMUNICATION DELAY
In this subsection, we aim to solve the finite-time tracking control law design problem based on NFTSM and CNN for SFF in the presence of external disturbances and communication time delay. Remark 3: Considering the possible communication time delay between follower spacecraft, we introduce the parameter T ij , which is the non-negative constant representing communication time delay from the jth to ith follower spacecraft. Inspired by [32] , the parameter T ij satisfies T ij ≥ 0,Ṫ ij ≤ h ij , and h ij < 1.
Then, the control law for u i is designed as
Theorem 3: Considering the spacecraft formation control system is described by (3), with the designed control law (43) and adaptive law (16) . For a given constant a ij (i, j = 1, 2, . . . , N ), if Assumption 1-3 are satisfied and the initial conditions satisfy
and there exists h ij < 1 and ρ ij satisfying
where ρ ij is defined as: 
Substituting (16) , (43) and (13) into (47) yieldṡ 
·(W
where the facts that VOLUME 5, 2017 are applied, c 1 =
Based on a standard Lyapunov theory extension discussion in [2] , the last conclusion can be obtained s i and W i are UUB.
IV. ILLUSTRATIVE EXAMPLE
In this section, an example is provied to illustrate the effectiveness of the proposed control laws using NFTSM and CNN in this paper. The mass of the leader and the follower spacecraft are m l = 1kg, and m if = 1kg, (i = 1, 2, 3) respectively. The input control force is u i ≤ u max = 2N , (i = 1, 2, 3). For simplicity, the leader spacecraft is assumed in a circular reference orbit of radius 6728km and ith (i=1,2,3) follower spacecraft is represented by "Sat i''. The communication graph between the follower spacecraft is shown in Figure 1 . The information exchange among follower spacecraft is described by a weighted adjacency matrix A defined by
The initial states and desired states of the individual follower spacecraft are shown in Table 1 and Table 2 . The parameters of NFTSM controller are taken as g = 1. 
The relative position tracking errors e i1 (i=1,2,3) of the controller (14) and (43) are depicted in Figure 2 . Figure 2 show that the relative position tracking errors e i1 (i=1,2,3) of the controller (14) convert to the region e i1 in approximately 30s. Due to network-induced communication delay between follower spacecraft, as can be seen in Figure 2 , the relative position tracking errors e i1 (i=1,2,3) of controller (43) take longer to be uniformly ultimately bounded. The relative velocity tracking errors e i2 (i=1,2,3) of the controller (14) and (43) are depicted in Figure 3 . The variations of control input thrusts u i (i=1,2,3) of the controller (14) and (43) are depicted in Figure 4 . The formation configuration of the 1st∼3rd spacecraft in the leader's frame is depicted in Figure 5 . Considering the communication delay between the follower spacecraft, the formation configuration of the 1st∼3rd spacecraft in the leader's frame is shown in Figure 6 . It is obvious the proposed finite-time control strategies based on CNN have good capability of approximating nonlinear function and external disturbances, and provide good performance for the spacecraft formation synchronization control.
V. CONCLUSIONS
In this paper, we have studied the problem of distributed orbit synchronization control for SFF under an undirected connected graph with unknown external disturbances and communication delay. A nonsingular fast terminal siding mode (NFTSM) control scheme based on Chebyshev neural network (CNN) was proposed, which can guarantee the orbital tracking error converge to the regions in finite time. Communication delay is inevitably present among the follower spacecraft of information exchange, a distributed finitetime control scheme considering communication delay is designed, which can ensure all the signals in the resulting closed-loop control system are UUB. 
